CS 3630 / LECTURE 8 / FALL 2026

Lecture 8:
Actions & Markov chains

We control the actions,
not their outcomes.

Frank Dellaert « Seth Hutchinson
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TODAY’'S QUESTION

After two right commands,
where could the robot be?

RIGHT RIGHT
Office ] { ? | { ? J

known start after one action after two actions

Model one action — update our belief — repeat over time

Prescribed commands. No sensor measurements yet.
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RECALL THE FIVE-ROOM WORLD

Doorways—not just neighboring rooms—
determine where the robot can go.

r T — THE SAME HOUSE AS A GRAPH

l.:'viu\l 'Z:cm K:’Clcn

Living
room

T T,
Dining

OFF:.. H aﬂwy = Dc’uc'-,q { Office Hallway room

b

L] -

No Office — Living-room doorway. Left / right / up / down are relative to this map.

{ Kitchen

Room order in every vector and matrix: L, K, O, H, D

roboticsbook.org / §3.1 03
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RECALL DISCRETE TIME

An action advances time,
even when the robot stays put.

X0

[ Office

start

CS 3630 / RECALL DISCRETE TIME

X 1 X2
ap = RIGHT a, = RIGHT
= [ Office - | Hallway
stayed put moved rooms

One possible trajectory—not the only outcome.

At
X — Xi+1

roboticsbook.org / §3.2

04


https://www.roboticsbook.org/S32_vacuum_actions.html
https://www.roboticsbook.org/S32_vacuum_actions.html
https://www.roboticsbook.org/S32_vacuum_actions.html

RECALL THE BELIEF STATE

The robot occupies one room;
our belief assigns probabilities to all five.

KNOWN START: OFFICE

6
SRR

Xo = Office

bo: our initial belief

oX

0 0 1 0 0

} Living room Kitchen Office Hallway Dining room

(=N

One row. Five probabilities. Total = 1.

b;(x) =probability assigned to room x at step ¢

roboticsbook.org / §3.2
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WHY WE CONDITION ON THE CURRENT ROOM

The same command has different effects
from different starting rooms.

MAP REMINDER - RIGHT

0.8 i
[ Office J P | RIGHT ik >[ Hallway ] [ L | ‘ & ]

0.2 stay
0.8 arrive (0) H H H D }
[ Living room } > P[ Kitchen ] [
0.2 stay Links are doorways; arrows show the chosen
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READ ONE CONDITIONAL-PROBABILITY ROW

Fix the current room, then choose an action;
each row gives a complete distribution.

CURRENT ROOM FIXED: LIVING ROOM
MAP REMINDER - LIVING ROOM

ACTION Living room Kitchen Office Hallway Dining room

ey
LEFT 1 0 0 0 0

RIGHT 0.2 0.8 0 0 0 l
up 1 0 0 0 0
O H D
DOWN 0.2 0 0 0.8 0

Links are doorways; arrows show the chosen
direction.

Here, rows are actions. Columns are possible next rooms. Each row totals 1.
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WHEN A DIRECTION HAS NO DOORWAY

Without a door in that direction,
the robot stays in the same room.

MAP REMINDER - OFFICE

\ L«

o | 1.0

stay in Office

DOWN/ [OHH][D]
No adjacent room in either direction.

Links are doorways; arrows show the chosen
direction.

No doorway: 100% stay. Available doorway: 20% stay.

CS 3630 / WHEN A DIRECTION HAS NO DOORWAY roboticsbook.org / §3.2 07
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ONE ACTION FROM A KNOWN ROOM

One right command puts 0.8 in the Hallway
and leaves 0.2 in the Office.

RIGHT MAP REMINDER - RIGHT
/ L K
0.2 stay [ Office [ o H H H D }
Links are doorways; arrows show the chosen
direction.
b, = 0 0 0.2 0.8 0
L K O H D

lllustrative probabilities: 80% through an available doorway; 20% stay.

CS 3630 / ONE ACTION FROM A KNOWN ROOM roboticsbook.org / §3.2 06
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PAUSE AND PREDICT - TWO RIGHT COMMANDS

Two different routes can end
in the Hallway after the second command.

RIGHT

MAP REMINDER - RIGHT

Hallway: ? [ O H : H D ]

Links are doorways; arrows show the chosen
direction.

Hallway: 0.8 ] 0.2 chance to stay

What is b,(H)? Work out each contribution, then combine them.

CS 3630 / PAUSE AND PREDICT - TWO RIGHT COMMANDS roboticsbook.org / §3.2 10
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THE LAW OF TOTAL PROBABILITY: ENUMERATE ALL CASES

Multiply along each route;
add routes that end in the same room.

MAP REMINDER - HALLWAY

[ e (15 ] 0.2 x 0.8 = 0.16 @_@
> [ Hallway: 0.32]
Hallway: 0.8] [ 0 H § H P J

0.8 x0.2=0.16

Links are doorways; arrows show the chosen
direction.

by(H)=0.2X0.84+0.8 X0.2=0.32

starting-room probability x conditional transition probability

CS 3630 / THE LAW OF TOTAL PROBABILITY - IN NUMBERS roboticsbook.org / §3.2 11
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THE LAW OF TOTAL PROBABILITY - GENERAL RULE

For each destination, sum over
every possible starting room.
bt+1(xl) — z bi(x) P(X;+ 1 =x | X =x,a;)
xe{L,K,0,H,D}

X = a possible starting room  x' = the destination we are updating

For destination H after the second RIGHT:

L K o) H D
0x0 + 0x0 + 02x08 + 08x02 + 0x0

br(H)=04+04+0.16+0.164+0=0.32

Some contributions are zero. We still sum over all five possible starting rooms.

CS 3630 / THE LAW OF TOTAL PROBABILITY - GENERAL RULE roboticsbook.org / §3.2 14



https://www.roboticsbook.org/S32_vacuum_actions.html
https://www.roboticsbook.org/S32_vacuum_actions.html
https://www.roboticsbook.org/S32_vacuum_actions.html

COMPLETE THE SECOND UPDATE

After two right commands,
our belief covers three rooms—not five.

MAP REMINDER - RIGHT

0.2x0.2=0.04 —p [ Office: 0.04 ]
T
[ Office: 0.2 ]

—
0.2 x0.8=0.16 L
\> [ Hallway: 0.32 ]

b

0.8x0.2=0.16

[Hallway:O.S ]/\ [ 0 H H H D ]

08x08=064 ————p [ Dining: 0.64 ]

Links are doorways; arrows show the chosen
direction.

b, = 0 0 0.04 0.32 0.64

L K O H D

0.04 + 0.32 + 0.64 = 1

CS 3630 / COMPLETE THE SECOND UPDATE roboticsbook.org / §3.2 12
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RECURSION, NOT REPLAY

The result of one prediction
is the starting point for the next.

-
b,
1
_.>
0 0
L K (@) H D
\_

0.8

0.2

0 0

L K O H D

J

posterior now = prior next

b,
0.64
0.32
o 0.04
K O H D

Here “posterior” means after the known actions—not after a sensor measurement.

CS 3630 / RECURSION, NOT REPLAY
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FROM CONDITIONAL TABLES TO MATRICES

Fix the action; collect one row
from each possible starting room.

CURRENT ROOM L K O H D ACTION M:: move right

Livi 1 ) ) ) , L
Lli\\lllinr?gr(:gcrrm 0.2 0.8 0 0 0 R L K 0 H D
1 ; ; ; ; U - -
| 02 0 D L| 02 08 0O 0 O
Kitchen 0.8 0.2 ) ) ) L
Kitchen 0 1 0 0 0 R
w v K 0 1 0 0 0
Office ﬁ | m’_ , , , L
Office 0O o 02 08 0 R —Pp 0 0 0 0.2 0.8 0
, , , ) U
1 D
Hallway 0 0 0.8 0.2 0 L H O O O 0.2 0.8
Hallway 0 0 0 0.2 0.8 R
0.8 C 0 0.2 0 §)
o 1 o p[/0 0O [0 [0 |1
Dining room 0 0 0 0.8 0.2 L — -
Dining room 0 0 0 0 1 R
0 0.8 0 0 0.2 U
1 D One RIGHT row per starting room.

CS 3630 / FROM CONDITIONAL TABLES TO MATRICES roboticsbook.org / §3.2 16
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READ THE TRANSITION MATRIX

Now rows are starting rooms;
columns are destination rooms.

NEXT ROOM —
CURRENT ROOM ) . 5 y
Livingroom (0.2 0.8 0 0
Kitchen 0 1 0 0

Office 0 0 0.2 0.8

Hallway 0 0 0 0.2
Dining room 0 0 0 0

Action fixed: RIGHT

CS 3630 / READ THE TRANSITION MATRIX

o O O O

0.8

MAP REMINDER - RIGHT

Links are doorways; arrows show the chosen
direction.

Row O, column H: 0.8

roboticsbook.org / §3.2
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CHECK THE MODEL AGAINST THE MAP

Each row totals one—even when
the only possible outcome is staying put.

NEXT ROOM —
CURRENT ROOM
L K (@) H D MAP REMINDER - RIGHT
Living room (0,2 0.8 0 0 0
L K
Kitchen 0 1 0 0 0
Office 0 0 0.2 0.8 0
BT
Hallway 0 0 0 0.2 0.8
Dining room O O O O 1 Links are doorwayji;r:;:iczjwné show the chosen

Action fixed: RIGHT

. . K- K:1 D—-D:1
Diagonal = stay in the same room.

CS 3630 / CHECK THE MODEL AGAINST THE MAP roboticsbook.org / §3.2 18
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ONE COLUMN, ONE DESTINATION

The Hallway column collects
every way of arriving in the Hallway.

MAP - HALLWAY

CURRENT BELIEF b, L
- s
0 0 0.2 0.3 0 x00.8 =‘0.32\ [OHH][Dl
L K O H D bz(H)
H 0.2
b 0

RIGHT: column H

O0x0+0x0+4+0.2x0.84+0.8x0.24+0x0=0.32

CS 3630 / ONE COLUMN, ONE DESTINATION roboticsbook.org / §3.2 19
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THE BELIEF TRANSITION FUNCTION

It’s an elementary matrix multiply,
my dear Watson.

bt—|—1 — thCLt

1x5 5XD 1x5

CS 3630 / THE BELIEF TRANSITION FUNCTION
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WHAT THE MATRIX MULTIPLY REALLY DOES

An uncertain belief mixes rows;
it does not pick the most likely room.

0.2 x 0 0 0.2 0.8 0 Office row
+
0.8 x 0 0 0 0.2 0.8 Hallway row
b, = 0 0 0.04 0.32 0.64

LK

L K O H D {OHHHD]

Keep every current-room hypothesis, weighted by its probability.

CS 3630 / WHAT THE MATRIX MULTIPLY REALLY DOES
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PAUSE AND PREDICT - ONE MORE RIGHT

What happens to probability of the Dining room keeps
when we command right again?

MAP REMINDER - RIGHT

0 0 0.04 0.32 0.64
L K 0 H D @
Current belief b,

0.8:[ o {u o]

Dining: 0.64 ]

Hallway: 0.32 ]

Links are doorways; arrows show the chosen
direction.

stays with probability 1

What is bs(D)?

CS 3630 / PAUSE AND PREDICT - ONE MORE RIGHT roboticsbook.org / §3.2 22
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REPEATING AN ACTION

Repeating the same action
means taking a matrix power.

b — boM n MAP REMINDER - RIGHT
n R
L H K
0 right actions 1 right action 2 right actions 3 right actions

1
) 0.896
0.8 —
) 0.64
0.32 H H
02 0.096 [ 0 § 0 ]
0.04 :
0 0 o o o o [] o o o 00 0 0 0008 —
L K O H D L K O H D L K O H D L K O H D Links are doorways; arrows show the chosen

direction.

bs(D) = 0.64 x 1 + 0.32 x 0.8 = 0.896

CS 3630 / REPEATING AN ACTION roboticsbook.org / §3.2 23
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SEQUENCES OF ACTIONS

A sequence of actions becomes
a sequence of matrix multiplies.

bt—l—l — bOMaOMal "o Ma

Mat

t

Mao Ma1
o J—— (b

Apply the matrices in the order of the actions.

CS 3630 / SEQUENCES OF ACTIONS

o
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SEQUENCES OF ACTIONS

Aside: Google Page-Rank applies same M ad infinitum

bt—l—l — bOMaOMal "o Ma

t

Mao Ma1 . Mat

0 right actions 1 right action 2 right actions 3 right actions
1
— 0.896
0.8
0.64 ? ?
0.32
0.2 0.096 o o

0 0 0 0 0 0 0 o o 004 0 0 0.008
L K O H D L K O H D L K O H D L K O H D
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A DIFFERENT ACTION CHANGES THE MODEL

Changing the action order
changes where the robot can end up.

RIGHT — UP UP — RIGHT

[“—[M [t x
Lo U)o Lo U)o

1.0-H 2.H—->L 1.UPstaysinO 2.0-—->H

0.64 0 0.2 0.16 0 0 0 0.2 0.8 0

L K O H D L K O H D

EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE
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WHY WE DO NOT REPLAY THE WHOLE HISTORY

The current belief summarizes
the history needed for prediction.

a;

4 )

T TN CURRENT BELIEF b, NEXT BELIEF b,

— —

Ao, A1y -uy A1

bt+ 1 — that

CS 3630 / WHY WE DO NOT REPLAY THE WHOLE HISTORY roboticsbook.org / §3.2 26
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TWO GRAPHS, TWO DIFFERENT MEANINGS

A room graph and a time graph

answer different questions.

WHERE CAN THE ROBOT GO?

{ e H Kitchen

room

{ Office H Hallway H Dining
room

Node = a room
Link = a doorway

CS 3630 / TWO GRAPHS, TWO DIFFERENT MEANINGS

HOW DOES THE STATE EVOLVE?

OO0

Each X; can take any of the five room values.

Node = the state at a time
Arrow = conditional dependence

roboticsbook.org / §3.2
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READ ONE TIME STEP BEFORE THE WHOLE CHAIN

The next state depends on
the current state and the chosen action.

at

known action\

>

current random state next random state
P(Xt+1 \ Xtaa't)

CS 3630 / READ ONE TIME STEP BEFORE THE WHOLE CHAIN roboticsbook.org / §3.2 28
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MARKOV CHAINS

With the actions fixed,
the state sequence forms a Markov chain.

P(Xt+1 ‘ X07 e 7Xt) — P(Xt—H ‘ Xt)

>® o @ >@
past present future

For a fixed action sequence, the robot’s states form a Markov chain.

CS 3630 / MARKOV CHAINS roboticsbook.org / §3.2 29
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CONTROLLED MARKOV CHAINS

Markov chains are everywhere.
Actions control them.

>(x )—>(x0 )— .. —(x )—>(x)

bo bl b2 bt bt+1

Each action selects the conditional distribution for the next transition.

CS 3630 / CONTROLLED MARKOV CHAINS roboticsbook.org / §3.2 30
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WHAT WE CONTROL, AND WHAT WE CAN COMPUTE

The next room is random;
the next belief is a calculation.

a

PHYSICAL ROBOT

one uncertain outcome

OURPREDICTION [~ 0 XMa;: 11 1 1

b, D1

Choose the action — choose the matrix, not the realized next room.

CS 3630 / WHAT WE CONTROL, AND WHAT WE CAN COMPUTE roboticsbook.org / §3.2 31
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TAKEAWAYS

An action model and a belief state
are enough to predict what comes next.

B 7 at
0208 0 0 O
0O 1 0 0 0O \A
0O 0 0 0.2 0.8
0O 0 0 0 1
KEEP A BELIEF APPLY AN ACTION MODEL PREDICT THE NEXT STATE

No need to replay the entire past.

CS 3630 / TAKEAWAYS roboticsbook.org / §3.2 32
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COMING NEXT

Next, noisy measurements
will help us infer the hidden state.

HIDDEN STATES

Zo Zl

NOISY OBSERVATIONS

Bayes nets — sensing over time — hidden Markov models.

CS 3630 / COMING NEXT
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APPENDIX - NOTATION BRIDGE

The belief vector is shorthand
for a distribution conditioned on past actions.
bt(L) bt(K) bt(O) bt(H) bt(D)

Living room Kitchen Office Hallway Dining room

One row. Five probabilities. Total mass = 1.

b(x)=PX;=x|ap.—1) (=1)

bo(x) = P(Xo = x)

CS 3630 / APPENDIX - NOTATION BRIDGE roboticsbook.org / §3.2
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APPENDIX - THE FULL DERIVATION

Condition on the action history,
then sum over the current room.

P(Xy1=a"|aw) =Y P(Xi=2'| Xy =z, a0.)
- P(X; =z | ag.)

FIXED ACTION HISTORY a,, a,, ..., at

current room x |—p> transition >
conditioned on history

weight each possible x next room

ao.. abbreviates the prescribed actions a, ..., a..

CS 3630 / APPENDIX - THE FULL DERIVATION roboticsbook.org / §3.2
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APPENDIX - THE MARKOV SIMPLIFICATION

Given the current room and action,
earlier actions drop out of the transition.

P(Xt_|_1 — 33, ‘ Xt — CE,a,();t) — P(Xt_|_1 — CC, ‘ Xt — w,at)

% i . i \
past actions @

Only the present is needed.

CS 3630 / APPENDIX - THE MARKOV SIMPLIFICATION roboticsbook.org / §3.2 36
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APPENDIX - PRESCRIBED ACTIONS

A command chosen Iin advance
adds no information about the starting room.

P(Xt — & \ a():t) — P(Xt — & ‘ ao:t—l)

e

state before the action state after the action

The action is applied between these states.

For the fixed action sequence considered in this lecture.

CS 3630 / APPENDIX - PRESCRIBED ACTIONS roboticsbook.org / §3.2
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APPENDIX - THE FULL RECURSION

Substituting the two simplifications
gives the same belief update.

P(Xt+1 =z \ aO:t) — ZP(XH—l =z \ Xt = CU,at) P(Xt — & | ao:t—l)

MOTION MODEL
PRIOR BELIEF NEXT BELIEF

02 08 0 0 O
0.8
0 1 0 0 0 0.64
. ) 0O 0O 02 08 0 ; 0.3
. 0O 0 O 0.2 08
0 0 0 o 0.04 T
- - 0O 0 0O 0 1 S — —
L K () H D - - L K (@) H D

CS 3630 / APPENDIX - THE FULL RECURSION roboticsbook.org / §3.2 38
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APPENDIX - THE BASE CASE

The first update starts
with the initial distribution.

CS 3630 / APPENDIX - THE BASE CASE

P(X;=a'[ag) =) P(X1=2"| Xo=x,a0) P(X, = z)

b,: certainty in the Office
Living room Kitchen 1
Office Hallway Dining room 0 0
. ‘ ‘ L K o)

roboticsbook.org / §3.2
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REFERENCE - ALL FOUR ACTION MATRICES

The full motion model fits
into four transition matrices.
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READING & SOURCES

Section 3.2 connects action uncertainty
to controlled Markov chains.

f T
Lflh'u\' 1som Uilchen
\
On':u 1 H l Dt'm"v 1x5 5x5 1x5 @ =@
] My ay I o ——
§3.2.1 §§3.2.2-3.2.3 §3.2.4
Probabilistic Belief updates Controlled
action outcomes and transition matrices Markov chains
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