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Reference Frames

* Robotics is all about management
of reference frames y

* Perception is about estimation of A
reference frames

* Planning is how to move reference
frames

e Control is the implementation of
trajectories for reference frames

* The relation between references
frames is essential to a successful

system




Application to Drones

To characterize the position and orientation of a

drone in flight,

e attach a coordinate frame to the drone (rigid
attachment)

* specify the position and orientation of the
frame.




First... a quick review

Nearly everything we learned about position and orientation in the
plane can be easily generalized to position and orientation in 3D.

We'll start with a quick review of the 2D case, then generalize to 3D,
and show the corresponding mathematical formulations.



Specifying Orientation in the Plane

Given two coordinate frames with a common origin, how should we describe the
orientation of Frame 1 w.r.t. Frame 0?

Yo » Specify the directions of x; and y; with respect to Frame 0 by projecting
onto xy and y,.
V4 0 0 Yo
. . O
d0 = [[1 7o) _ [eosO] oo s
1 — X4 ° o - - ’
X1 1Yo sin 6 specified w.r.t Frame O.
sin 0
7]
X0 0 __ Y1 Xo . —sin 6 We obtain y? in the
cos 6 Y1 = Vi Vol cos @ same way.



Rotation Matrices (rotation in the plane)

cos@ —sinf

We combine these two vectors to obtain a rotation matrix: R{) = [ .
sin 0 cos 6

All rotation matrices have certain properties:

1. The two columns are each unit vectors.

2. The two columns are orthogonal, e.g., ¢y - ¢, = 0. | For such matrices R_" = RT_l
3. detR =+1

» The first two properties imply that the matrix R is orthogonal.
» The third property implies that the matrix is special! (After all, there are plenty of
orthogonal matrices whose determinant is -1, not at all special.)

The collection of 2X2 rotation matrices is called the Special Orthogonal Group of order 2,
or, more commonly SO(2).

This concept generalizes to SO(n) for nXn rotation matrices.



Rotation Matrices (3D)

All of the properties of SO(2) apply as well to SO(3)!

All rotation matrices have certain properties:

1. The two columns are each unit vectors.

2. The two columns are orthogonal, e.g., ¢y - ¢, = 0. | For such matrices R_" = RT_l
3. detR =+1

» The first two properties imply that the matrix R is orthogonal.
» The third property implies that the matrix is special! (After all, there are plenty of
orthogonal matrices whose determinant is -1, not at all special.)

The collection of 3X3 rotation matrices is called the Special Orthogonal Group of order 3,
or, more commonly SO(3).




Rotation Matrices for 3D rotations

To build a rotation matrix, say R?: project the axes of Frame 1 onto Frame 0. Each column
of Rf corresponds to the projection of one axis of Frame 1 onto Frame 0.

R} = [x1 - Fy \ }’1'Fo\ zy - Fol =

'x1 . xO
X1 Yo

| X1 Zy

Y1 Xg
Y1 Yo
Y1 Zg

Z1 ' Xo

Z1 Yo
Zy1 " Zy |




Rotation Matrices for 3D rotations

To build a rotation matrix, say R{’: project the axes of Frame 1 onto Frame 0. Each column
of R{’ corresponds to the projection of one axis of Frame 1 onto Frame 0.

R:(l) — ‘Xl ‘FO

_xl . xo

y1Fy z1-Fy|l =|%1" Yo
X1 Zp

Project the x-axis of Frame 1
onto the axes of Frame O

Y1 X0 Z1°Xo
Y1i-Yo <Z1°Yo
Y12y Z1°Zp|




Rotation Matrices for 3D rotations

To build a rotation matrix, say R{’: project the axes of Frame 1 onto Frame 0. Each column
of R{’ corresponds to the projection of one axis of Frame 1 onto Frame 0.

RO — [X1 ‘FO

V1 - Fo

Project the y-axis of Frame 1
onto the axes of Frame O

z; + Fy| =

'x1 . XO
X1 Yo

| X1 Zy

Y1 Xo
Y1 Yo
Y1 Zg

Z1 ' Xo

Z1 Yo
Zy1 " Zy |




Rotation Matrices for 3D rotations

To build a rotation matrix, say R{’: project the axes of Frame 1 onto Frame 0. Each column
of R{’ corresponds to the projection of one axis of Frame 1 onto Frame 0.

RO — [X1 ‘FO

vi-Fy |21 Fy

Project the z-axis of Frame 1
onto the axes of Frame O

'x1 . XO
X1 Yo

| X1 Zy

Y1 Xg
Y1 Yo
Y1 Zg

Z1°XO

Z1 Yo
Z1 * Zy




Rotation Matrices for 3D rotations

To build a rotation matrix, say R{’: project the axes of Frame 1 onto Frame 0. Each column
of R{’ corresponds to the projection of one axis of Frame 1 onto Frame 0.

X1 " Xo| | Y1 Xo ||Z41 " X0
X1 Yol Y1 Yo |lZ41 " Yo
X1 Zo| | V1" Zo ||Z41 2o

Project the x-axis of Frame 1 Project the y-axis of Frame 1 Project the z-axis of Frame 1
onto the axes of Frame O onto the axes of Frame O onto the axes of Frame O

This process is exactly the same as the process for building rotation matrices in SO(2),
even though it can be more difficult to visualize in 3D for rotation matrices in SO(3).

—

Ri):‘foo y1 - Fol| 21 - Fo




The simplest example: rotation about the z axis

Recall: for

rotation in the plane, we built a rotation matrix as a function

of 0, the angle between x; and x, (and also between y; and y,):

> RY = |

cosf —siné

. ] FOR ROTATION IN THE PLANE
sin @ cos 6

This is easily extended to the case of rotation in 3D about the
z-axis, since all of the interesting action is in the x-y plane (the
two z-axes are the same)!

In fact, you’ll see that the 2D rotation matrix shows up in the
3D rotation matrix:

cosf —sinf 0
» R} =|sin6 cos® 0 |FORROTATION IN 3D
0 0 1

Projecting

z1 onto Frame O involves three

dot products:




X]Xl ijl Z]Xl

A bunch of examples: &= v 5

Xj'Zl' yj'Zi Zj'Zl'
A rectangular solid: all angles are multiples of /2.

—1 0 O]
0 0 1
L0 1 0.

—1 0 O]
0
1

=
o
|

=
oOrR
|l

0 1
L0 0 .




Xji*¥Vi Yi-Vi ZjYi
XjZi VitZi 74

A bunch of examples: &=

A rectangular solid: all angles are multiples of /2.

X Xi Vi Xi Zf'xi]

8 -1 0 0 10 o0
L; R)=|0 0 1 Rl=|0 0 1
7 Y2 0O 1 0 0 1 0
4
-1 0 0][—=1 0 O 1 0 O
72 R3R3= 0 0 1 0 0 11l=10 1 0
0 1 O 0 1 0 0 0 1

(R?)™ = Rg = (R))"




A bunch of examples:

A rectangular solid: all angles are multiples of /2.

X].Xl
R}= XjYi
xj'Zi

by
N =
|l

J
NO
|l

YjitXi Zj X
Yi- Vi Zj'Yi
YjtZi ZjZj

—-10 O
0 0-1
0-10
1 0 O
0 -1 O




. X].Xl y]xl Zj'xi
A bunch of examples: & =|5 % v 2
Xj'Zi yj'Zi Zj'Zl'

A rectangular solid: all angles are multiples of /2.

"0 —107
RI=1[-10
0 0 —1.




Let’s extend this to 3D rotational coordinate
transformations.



V1

Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by P! = 5x] _ We can express the location of the point P in terms of its coordinates
g P =pyx1 +pyy1

Yo

To obtain the coordinates of P w.r.t. Frame 0, we project P onto the
Xo and yg axes:



V1

Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by P! = 5x] _ We can express the location of the point P in terms of its coordinates
g P =pyx1 +pyy1

Yo
To obtain the coordinates of P w.r.t. Frame 0, we project P onto the
Xo and yg axes:
P
. PO — P . xo]:
Px Py X1 P Yo



V1

Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by 1P = [gx] . | We can express the location of the point P in terms of its coordinates
g P =pyx1 +pyy1

Yo
To obtain the coordinates of P w.r.t. Frame 0, we project P onto the
Xo and yg axes:
P
® po — P - Xolz \(pxxl + pyyl) ) xol ]
Px Py X1 P-yol |(xX1 + Pyy1) * Yo



Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by 1P = gx] . | We can express the location of the point P in terms of its coordinates
g P =pyx1 +pyy1

Yo
V1 To obtain the coordinates of P w.r.t. Frame O, we project P onto the
Xo and yg axes:
P
® o _ [P xO]_ \(pxxl +Dyy1) - xo} B {px(xl- X0) + Py (V1 Xo)]
P Py X1 P yol | (Pxxs +pyy1) s ¥o|  |Px(x1 Yo) + 2y (V1 Vo)



Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by 1P = gx] . | We can express the location of the point P in terms of its coordinates
g P =pyx1 +pyy1

Yo
V1 To obtain the coordinates of P w.r.t. Frame O, we project P onto the
Xo and yg axes:
P
® po _ [P xO]_ \(Px% +Pyy1) - xo} - {px(xl' Xo) + Py (Y1 * Xo) ]
P Py X1 P yol | (Pxxs +pyy1) s ¥o|  |Px(x1 Yo) + 2y (V1 Vo)

[0 3130l o)



Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by P! = gx] _ We can express the location of the point P in terms of its coordinates
g P =pyx1 +pyy1

Yo
V1 To obtain the coordinates of P w.r.t. Frame O, we project P onto the
Xo and yg axes:
P
® . [P xol_ \(pxxl +Dyy1) - xo} B {px(xl- X0) + py(V1 - Xo)]
P by xp BT PyelT (e +oyvn) W] T [pe G vo) 2y (0 30)
X1 Xo Y1 Xo7][Px
:[xl-yo yl-yo] P;v] =Ry P!
X0

P° =R P!




The simplest example: rotation about the z axis

As we saw above:

sin 6 cosgd O
0 0 1

RY =

cosf —sinf 0]

The equation for rotational coordinate transformations
generalizes immediately to the 3D case!

P =R P! =|sino cos6 0O
0 0 1

Py
0

cosf —sind O] [Px]




For now, only consider the rotation, not the translation!

CO M p OS |t| on Of Rotatl ONS This is an “exploded” view of three coordinate frames

that share the same origin.

p

V1 R;

X0 Z1 X2
Ry

From our previous results, we know: o .
This is the composition law for

po — p g pl rotation transformations.

. - } E——) PO =R£)R%P2

But we also know: P9 = RgP2




A bunch of examples:

A rectangular solid: all angles are multiples of /2.

V1
L )
Z1 yZ
0
ZO H R2
2
AJ\ i

Xo Yo RO

xj-xl- yj-xl- Zj‘xi
RE=|%Yi Yi'Vi % Vi
xj'Zi }’j'Zi Zj'Zi
—1 0 0 —10 0
L0 1 0. . 0 —-10 .
~ ROR}
—1 0 O]J[—10 01 [10 O]
=10 0 1 0 0-1|=10-10
L0 1 O 0—-10. 00 -1

This agrees with our earlier result!




X]Xl ijl Z]Xl

A bunch of examples: & =|5 % v 2
JCj'Zl' yj'Zi Zj'Zi
A rectangular solid: all angles are multiples of /2.

In preceding examples, we have computed RY, RY, RY.

Y1 29 _ —
l ‘ Can we compute R3* RY = RURZ
(R)™' R3 = RS

(R R3 = R3

RGR3 = R3

g

Z3 Check this against the figure by directly determining R% it works!

R: =




Now let’s add translation...



Specifying Pose in the Plane

Suppose we now translate Frame 1 (no new rotatation).

What are the coordinates of P w.r.t. Frame 0?
Since we merely translated P by a fixed

V1 :
vector d, simply add the offset to our
p previous result!

X1

P’ =R} P! +d°

d
= o)
d,




Homogeneous Transformations

We can simplify the equation for coordinate transformations
by augmenting the vectors and matrices with an extra row:

the previous page —

L11 L 1 1
in which0,, =[0 - 0]

This is just our eqn from [PO-‘ B -R(l)Pl _I_d()" _ [R(l) d® [P1]
0, 1111

The set of matrices of the form [§ ﬂ, where R € SO(n) and d € R" is called
n

the Special Euclidean Group of order n, or SE(n).




X].Xl y]xl Z]Xl

A bunch of examples: &= v 5

Xj'Zi yj'Zi Zj'Zl'
A rectangular solid: all angles are multiples of /2.

Now let’s look at both the relative
orientation and relative position of frames.




A bunch of examples:

A rectangular solid: all angles are multiples of /2.

-1 0 O

o O
-

OO O o

O o O

I
IH -POU_II




A bunch of examples:

A rectangular solid: all angles are multiples of /2.




Composition of Transtormations Now, consider the rotation

p
P
([ )
1 T;
Z 0 y xl 2 px
0 Ty _
Yo P =
Pz
1
> 3’2
xo Zl xZ
Ty

From our previous results, we know: o .
This is the composition law for

po — T1O pl homogeneous transformations.

o :l- ) PO =TT, P?
P = TZP E—) TZO — T10T21

But we also know: PO = Tzoﬁz




A bunch of examples

A rectangular solid: all angles are multiples of /2.

S O O

O RO O

O O O




Inverse of a Homogeneous Transformation

What is the relationship between Tji and Tl-j?
. -1 T T
In general, T, = (TJ ) and [On 1] = [()n 1

This is easy to verify:

R dl[RT —R'd] [RRT —-RR'd+d] _ [Inxn On _
0 1 On 1 o On 1 — 10 11|~ (n+1)xX(n+1)



1 0 0 =5

. 0 -1 0 10

A bunch of examples: R
A rectangular solid: all angles are multiples of /2. 0 O 0 1

B4l
| !xl oo
on-1_ |[R° —R d] 1o =1 o0
74 Y2 (T2) _[On 1 10 0 -1
0 0 0
Zy
10 X2
Zy
1 0 0 5|1 0O 0
X Vo 4 orroy-1 (0 -1 0 10f]j0 -1 O
0 0 . T2 (TZ ) 0 0 —1 4 0 0 —1
y 0O O 0 1110 O 0
Xo 3
3

Z3 Check this by directly determining T¢& from the figure... it works!




Rotations about Coordinate Axes

1 0 0 ‘

Ry g = [O cos¢p —sing
0 sing coso

cosf 0 siné
Ry = 0 1 0
—sinf 0 cosé

Yo

cosy —siny O
X0 R,y = [sin Y cosyy O ]
0 0 1



Roll, Pitch, and Yaw

When we parameterize the rotation matrices using Z

R = R, Ry oR5 ¢, the angles are called roll, pitch, and yaw: ?’\\ N

* Yaw i is a rotation about the world’s z-axis.

* Pitch @ is a rotation about the plane’s y-axis (note, this \ p
axis moves as a function of the yaw angle). X

* Roll ¢ is a rotation about the plane’s x-axis (note, this axis

N\
moves as a function of the yaw angle and the pitch T A
angle).

Longitudinal

This coordinate frame assignment is
known as Forward-Left-Up (FLU).

* The x-axis is the Forward direction.
* The y-axis points to the Left.

e The z-axis points Up.




Parameterization of 3D Rotations

* Consider the three successive rotations: R = R, ,Ry, g Ry ¢ = RyqwRpitcnRrou

cosyp —siny 0] [ cos@ 0 sind][1 0 0
R,yRyoRxp =|siny cosyp O 0 1 0 ||0 cos¢p —sing
0 0 11l—sin® 0 cosfll0 singp cos¢

CypCo  CypSeSe—SyCp CypSeCop + SySe
| —Sg CoSe CoCy




Parameterization of 3D Rotations

Any rotation matrix can be expressed in this form!

1 Ty T3 Slng S¢535¢+C¢,C¢ S¢SQC¢—C¢S¢

lru 12 rlS] Cylo  Cydgop—oyle  Cyogle +3yS¢ |
31 132 133 _—59 CQS¢ CQC¢

1. Solve for 8 using r3; = —Sg The function ATAN2(y, x) returns the angle whose tangent is
y/x, in the appropriate quadrant. Thus:
2. Solve for ¢ using r3; = €Sy, 133 = CgCy

3. Solve for i usingry; = CyCy, 121 = Sy Cy i = ﬁ;ﬁxégszisgg
- 21,711

We can parameterize SO(3) using these three angles, ¢, 0, .




Singularities for Roll, Pitch, Yaw

* For Roll, Pitch, and Yaw, when Sg = 1, we have:

CyCo  CypSeSs—SyCh CypSeCap + SySe
RZ,I/)Ry,HRx,qb — St/)CH S¢595¢ + C¢C¢ SIIJSHC(P — C¢S¢
—Sp CoSy Coly

0 CySp—SyCs CyCs + SySe
—1 0 0

When Sy = 1, there are infinitely many solutions for 1) and ¢. — So, this is only a local parameterization.
Only the difference ¢ — Y is uniquely determined. It works when 3, # +1.



Singularities for Roll, Pitch, Yaw

Things break down when 8 = + % --- but this makes sense!

Ifo =+ g then the planes x-axis is aligned with the world’s z-axis.
In this case, roll and yaw are rotations about the same axis!

Longitudinal

* Roll, Pitch, and Yaw are useful when the plane is roughly horizontal.
* If the plane tips completely up or completely down (i.e., 8 = i% ), things

have already gone very wrong, so it’s not such a big deal that the
parameterization breaks down for this case.

This coordinate frame assignment is
known as Forward-Left-Up (FLU).

* The x-axis is the Forward direction.
* The y-axis points to the Left.

e The z-axis points Up.




Other Parameterization of 3D Rotations

Consider the three successive rotations: R = R, ¢ Rp g Ry,

where a, b, ¢ denote coordinate axes and a # b, b # c.

There are lots of possibilities!
RzywRyoRz¢
RxypRyoRz¢
RxyRyoRx ¢
Ry yRz0Rx

Rz,t,bRx,GRz,qb

These are generically referred to as Euler angles.

Each set of Euler angles admits a local parameterization of SO(3).
Like Roll-Pitch-Yaw, each Euler angle parameterization is a local
parameterization, and has problems for certain configurations.
The configurations where things break down are referred to as
singularities.

These singularities are the reason Oculus was successful in the VR
headset market. Previous designs often used Euler angle
parameterizations of rotation. Looking directly up caused the
display to spin wildly.

The z-y-z Euler angles are commonly used to parameterize the
orientation of the wrist mechanism of robot manipulators.



Other Parameterization of 3D Rotations

- 3x3 matrices

- Quaternions: generalization of
complex numbers:

- A rotation with an angle 6 around the
axis defined by the unit vector:

U= (Up, Uy, U;) = Ugl + uyj +uk

is represented by:

g (ugituyj+uk) 0 0

q=ce :cos§+(uwi+uyj+uzk)sin§

GTSAM can do both internally, chosen
via compile-time flag.



