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Example: A robot called Sisyphus



A B C D E F G H I J K L

A 0 0.25 0.5 0.25 0 0 0 0 0 0 0 0

B 0 0 0.25 0.5 0.25 0 0 0 0 0 0 0

C 0 0 0 0.25 0.5 0.25 0 0 0 0 0 0

D 0 0 0 0 0.25 0.5 0.25 0 0 0 0 0

E 0 0 0 0 0 0.25 0.5 0.25 0 0 0 0

F 0 0 0 0 0 0 0.25 0.5 0.25 0 0 0

G 0 0 0 0 0 0 0 0.25 0.5 0.25 0 0

H 0 0 0 0 0 0 0 0 0.25 0.5 0.25 0

I 0 0 0 0 0 0 0 0 0 0.25 0.5 0.25

J 0.25 0 0 0 0 0 0 0 0 0 0.25 0.5

K 0.5 0.25 0 0 0 0 0 0 0 0 0 0.25

L 0.25 0.5 0.25 0 0 0 0 0 0 0 0 0

𝑺𝒌

𝑺𝒌 𝟏

𝑻(𝑺𝒌, 𝑺𝒌 𝟏) can be represented as a table.



Markov Property



Markov Decision Processes



k\k+1 A B C D E F G H I J K L

A 0 0.25 0.5 0.25 0 0 0 0 0 0 0 0

B 0 0 0.25 0.5 0.25 0 0 0 0 0 0 0

C 0 0 0 0.25 0.5 0.25 0 0 0 0 0 0

D 0 0 0 0 0.25 0.5 0.25 0 0 0 0 0

E 0 0 0 0 0 0.25 0.5 0.25 0 0 0 0

F 0 0 0 0 0 0 0.25 0.5 0.25 0 0 0

G 0 0 0 0 0 0 0 0.25 0.5 0.25 0 0

H 0 0 0 0 0 0 0 0 0.25 0.5 0.25 0

I 0 0 0 0 0 0 0 0 0 0.25 0.5 0.25

J 0.25 0 0 0 0 0 0 0 0 0 0.25 0.5

K 0.5 0.25 0 0 0 0 0 0 0 0 0 0.25

L 0.25 0.5 0.25 0 0 0 0 0 0 0 0 0

k\k+1 A B C D E F G H I J K L
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𝑻𝑳(𝑺𝒌, 𝑺𝒌 𝟏) 𝑻𝑹(𝑺𝒌, 𝑺𝒌 𝟏)
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Rewards



Markov Decision Processes

aka MDPs

Part 2: Expectation
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Expected 1-stage return



Generalizing to expected h-stage return



Sequence 풅ퟏ, 풅ퟐ Probability 𝐑𝐞𝐰𝐚𝐫𝐝

ABC 1,1

ABD 1,2

ABE 1,3

ACD 2,1

ACE 2,2

ACF 2,3

ADE 3,1

ADF 3,2

ADG 3,3

Example: Expected reward for two “Left” actions, starting from state A



Sequence 풅ퟏ, 풅ퟐ Probability 𝐑𝐞𝐰𝐚𝐫𝐝

ABC 1,1 0.25 × 0.25 = 0.0625 −0.6

ABD 1,2 0.25 × 0.5 = 0.125 −0.6

ABE 1,3 0.25 × 0.25 = 0.0625 +0.6

ACD 2,1 0.5 × 0.25 = 0.125 −0.6

ACE 2,2 0.5 × 0.5 = 0.25 +0.6

ACF 2,3 0.5 × 0.25 = 0.125 −0.6

ADE 3,1 0.25 × 0.25 = 0.0625 +0.6

ADF 3,2 0.25 × 0.5 = 0.125 −0.6

ADG 3,3 0.25 × 0.25 = 0.0625 −0.6

Example: Expected reward for two “Left” actions, starting from state A

𝐸 𝑅 + 𝑅 + 𝑅 = 0.0625 × −0.6 + 0.125 × −0.6 + 0.0625 × 0.6
+ 0.125 × −0.6 + 0.25 × 0.6 + 0.125 × −0.6
+ 0.0625 × 0.6 + 0.125 × −0.6 + 0.0625 × −0.6 = −ퟎ. ퟐퟐퟓ



Discounted Reward





Probability of a Sequence

Use the definition of conditional probability for this: 푷 풙, 풚 = 푷 풙 풚 푷(풚) [See example on next slide]

This relationship holds for arbitrary conditioning events, as long as all terms are conditioned on the same
event:

𝑃 푥, 푦| 𝐴𝑁𝑌𝑇𝐻𝐼𝑁𝐺 = 𝑃 푥 푦, 𝐴𝑁𝑌𝑇𝐻𝐼𝑁𝐺 𝑃(푦|𝐴𝑁𝑌𝑇𝐻𝐼𝑁𝐺)

For a sequence of actions executed from an initial state, we have
𝑃 푠2, 푠1 𝑆0 = 𝐴, 𝑎1 = 𝐿, 𝑎2 = 𝐿} = 𝑃 푠2, 푠1, 𝑆0 = 𝐴, 𝑎1 = 𝐿, 𝑎2 = 𝐿}𝑃 푠1 𝑆0 = 𝐴, 𝑎1 = 𝐿, 𝑎2 = 𝐿}

And applying  the Markov property (i.e., the transition from k = 1 to 푘 = 2 does not depend on history) 
we obtain:

𝑃 푠2, 푠1 𝑆0 = 𝐴, 𝑎1 = 𝐿, 𝑎2 = 𝐿} = 𝑃 푠2, 푠1, 𝑎2 = 𝐿}𝑃 푠1 𝑆0 = 𝐴, 𝑎1 = 𝐿}



Four suits: 
• Hearts, Diamonds, 

Clubs, Spades

Each suit has 13 cards
� Ace, King, Queen, Jack, 10, … 2

Example of Joint/Conditional Probability: What is 
the probability of drawing at random a red ace?

Two Possible Strategies:
• Directly compute the probability by counting: 

𝑃 푟𝑒𝑑, 𝑎𝑐𝑒 =
# 푟𝑒𝑑 𝑎𝑐𝑒푠
# 표푓 𝑐𝑎푟𝑑푠 =

2
52 =

1
26

• Use joint/conditional probability relationship:

𝑃 푟𝑒𝑑, 𝑎𝑐𝑒 = 𝑃 𝑎𝑐𝑒 푟𝑒𝑑) 𝑃 푟𝑒𝑑 =
2
26 ×

1
2 =

1
26



Markov Decision Processes

aka MDPs

Part 3: Policies, and the Value Function

 



Policies and Expected Return under policy 𝝅







Optimal policies and the Value Function



Optimal policies and the Value Function (cont)



The Bellman Equation



Recap…



Value Iteration



Value Iteration (cont)



State 𝑽𝟎 𝑽𝟏 𝑽ퟐ

A 1 0.3 -0.05

B 1 0.3 -0.05

C 1 0.3 0.1

D 1 0.3 0.25

E 1 1.5 1.15

F 1 0.3 0.1

G 1 0.3 0.25

H 1 0.3 -0.05

I 1 0.3 -0.05

J 1 0.3 -0.05

K 1 0.3 -0.05

l 1 0.3 -0.05

Example: Expected reward for two “Left” actions, starting from state A

𝑉 𝑠 = 𝑅 𝑠 + 0.5max 𝑇 𝑠, 𝑎, 𝑠 𝑉 (𝑠)

𝑉1 𝑠 = 𝑅 𝑠 + 0.5max{0.25 × 1 + 0.5 × 1 + 0.25 × 1, 0.25 × 1 + 0.5 × 1 + 0.25 × 1}

For 𝑠 ∈ {𝐴, 𝐵, 𝐶, 𝐷, 𝐹, 𝐺, 𝐻, 𝐼, 𝐽, 𝐾, 𝐿}

𝑉 𝑠 = −0.2 + 0.5 1 = 0.3

For  𝑠 = 𝐸
𝑉 𝑠 = 1.0 + 0.5 1 = 1.5

Move left Move right


