CS 3630

Pose in 3D



Reference Frames

* Robotics is all about management
of reference frames

* Perception is about estimation of
reference frames

* Planning is how to move reference
frames

* Control is the implementation of
trajectories for reference frames

* The relation between references
frames is essential to a successful

system
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Application to Drones

To characterize the position and orientation of a
drone in flight,

* attach a coordinate frame to the drone (rigid
attachment)

* specify the position and orientation of the
frame.



First... a quick review

Nearly everything we learned about position and orientation in the
plane can be easily generalized to position and orientation in 3D.

We'll start with a quick review of the 2D case, then generalize to 3D,
and show the corresponding mathematical formulations.



Specifying Orientation in the Plane

Given two coordinate frames with a common origin, how should we describe the

orientation of Frame 1 w.r.t. Frame 07

Vo » Specify the directions of x; and y; with respect to Frame 0 by projecting

onto x, and y,.

Vi O 0 Yo
x{ = [xl
X1 1 X1

sin 6
V)

X0 0 _ V1
cos @ yl — yl

.xO
Yo

Yo

|
|

|
|

cos 6
sin 6

—sin 6
cos 6

Notation: x denotes
the x-axis of Frame 1,
specified w.r.t Frame 0.

We obtain y? in the
same way.



Rotation Matrices (rotation in the plane)

cosf@ —siné
sin @ cos 6

We combine these two vectors to obtain a rotation matrix: Rf = [

All rotation matrices have certain properties:

1. The two columns are each unit vectors.

2. The two columns are orthogonal, e.g., ¢; - ¢, = 0. | For such matrices R'= R" |
3. detR =+1

» The first two properties imply that the matrix R is orthogonal.

» The third property implies that the matrix is special! (After all, there are plenty of
orthogonal matrices whose determinant is -1, not at all special.)

The collection of 2 X 2 rotation matrices is called the Special Orthogonal Group of order 2,
or, more commonly SO(2).

This concept generalizes to SO(n) for n X n rotation matrices:



Rotation Matrices (3D)

All of the properties of SO(2) apply as well to SO(3)!

All rotation matrices have certain properties:
1. The two columns are each unit vectors.

: “1_ pT
2. The two columns are orthogonal, e.g., ¢; - ¢, = 0. | For such matrices R~ "= R

3. detR = +1

» The first two properties imply that the matrix R is orthogonal.

» The third property implies that the matrix is special! (After all, there are plenty of
orthogonal matrices whose determinant is -1, not at all special.)

The collection of 3 X 3 rotation matrices is called the Special Orthogonal Group of order 3,
or, more commonly SO(3).




Rotation Matrices for 3D rotations

To build a rotation matrix, say RY: project the axes of Frame 1 onto Frame 0. Each column
of RY corresponds to the projection of one axis of Frame 1 onto Frame 0.

Rgz[xl'FO\)ﬁ'Fo\ z; - Fy] =

'Xl . xO
X1 Yo

| X1 " Z)

Y1 Xo
Y1 Yo
Y1 Zg

Z1 X0

Z1 " Yo
Z1 " Zy |




Rotation Matrices for 3D rotations

To build a rotation matrix, say RY: project the axes of Frame 1 onto Frame 0. Each column
of RY corresponds to the projection of one axis of Frame 1 onto Frame 0.

R} = 1x1-F0

'x1 . xO

y1 - Fo z1-Fol =|X1"Yo
X1 Zp

Project the x-axis of Frame 1
onto the axes of Frame O

Y1Xo Z1°Xo
Y1i-Yo <Z1°)Yo
Y120 Z7°Zp|




Rotation Matrices for 3D rotations

To build a rotation matrix, say RY: project the axes of Frame 1 onto Frame 0. Each column
of RY corresponds to the projection of one axis of Frame 1 onto Frame 0.

R? = [x; - Fy

y1 - Fo

Project the y-axis of Frame 1
onto the axes of Frame O

z; - Fy] =

'x1 . xO
X1 Yo

| X1 " Z)

Y1 Xo
Y1 Yo
Y1 Zp

Z1 X0

Z1 " Yo
Z1 " Zy |




Rotation Matrices for 3D rotations

To build a rotation matrix, say RY: project the axes of Frame 1 onto Frame 0. Each column
of RY corresponds to the projection of one axis of Frame 1 onto Frame 0.

R? = [x; - Fy

v1-Fy |21 Fy

Project the z-axis of Frame 1
onto the axes of Frame O

'x1 . xO
X1 Yo

| X1 " Z)

Y1 Xo
Y1 Yo
Y1 Zg

Z1 " Xg

Z1 Yo
Zl‘ZO




Rotation Matrices for 3D rotations

To build a rotation matrix, say RY: project the axes of Frame 1 onto Frame 0. Each column
of RY corresponds to the projection of one axis of Frame 1 onto Frame 0.

X1 " Xo| | Y1 X0 ||41 " X0
X1 Yol Y1 Yo |l41 " Yo
X1 Zo| | V1" Zo ||Z41 " Zo

Project the x-axis of Frame 1 Project the x-axis of Frame 1 Project the x-axis of Frame 1
onto the axes of Frame 0 onto the axes of Frame 0 onto the axes of Frame 0

This process is exactly the same as the process for building rotation matrices in SO(2),
even though it can be more difficult to visualize in 3D for rotation matrices in SO(3).

I—

R?=1x1'F0 y1 - Fol| 21 - Fy




The simplest example: rotation about the z axis

Recall: for

>R§’=[

rotation in the plane, we built a rotation matrix as a function

of 6, the angle between x; and x, (and also between y; and y,):

cos@ —siné

. ] FOR ROTATION IN THE PLANE
sin @ cos 6

This is easily extended to the case of rotation in 3D about the
z-axis, since all of the interesting action is in the x-y plane (the
two z-axes are the same)!

In fact, you’ll see that the 2D rotation matrix shows up in the
3D rotation matrix:

cos@ —sinf 0
» R) =|sin6 cosf® 0 |FORROTATIONIN 3D
0 0 1

Projecting

z1 onto Frame O involves three

dot products:

Zl°XO=0
z1Yo =0
21‘20:1




x]xl yj-xl- Zj'xl’

A bunch of examples:  ’=[5 v 5

Xj'Zi )’j’Zi Zj'Zi
A rectangular solid: all angles are multiples of /2.

—1 0 O
0 0 1
L0 1 0.

—1 0 O]
0
1

=
RO
1

ry
oR
|l

0 1
L0 0 .




x]xl yj-xl- Zj‘xl’

A bunch of examples: R}'=[xf'yi Vi 5

Xj'Zi yj’Zi Zj'Zi

A rectangular solid: all angles are multiples of /2.

1 -1 0 0 -1 0 0
14’“ R)=|0 0 1 R3=001]
. Y2 0 1 0 0 1 0
Zo
—1 0 O0l[-1 0 O 1 0 0
2 RVRY=10 0 1/l0 0 1|=]|0 1 0
0 1 o0llo 1 o 0 0 1

(RD)™ = Rg = (R




A bunch of examples:

A rectangular solid: all angles are multiples of /2.

x]xl
Ri = [%) Vi
Xj'Zi

Sy
N =
|l

xJ
NO
1

YjXi Zj X
Yi Vi Zj')Yi
YjZi Zj- Zi
—10 0
0 0-1
0-10

1 0 0
0 -1 O
0 0 -1




A bunch of examples:

A rectangular solid: all angles are multiples of /2.

x]xl
Ri = [%) Vi
Xj'Zi

Yj - Xi
Yj - JVi
YjZi

Zj * X;
Zj* Vi

Zj * Zj
-1 0
0 O
0 -1

aan



Let’s extend this to 3D rotational coordinate
transformations.



41

Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by P1 = zx] _ We can express the location of the point P in terms of its coordinates
g P = pyx1 + PyYs

Yo

To obtain the coordinates of P w.r.t. Frame 0, we project P onto the
Xo and yg axes:

Py Py X1



41

Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by P1 = zx] _ We can express the location of the point P in terms of its coordinates
g P = pyx1 + PyYs

Yo
To obtain the coordinates of P w.r.t. Frame 0, we project P onto the
Xo and yg axes:
P
. PO — P . xO]:
Dy py xl P ’yo



41

Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by 1P = px] . | We can express the location of the point P in terms of its coordinates
g P = pyx1 + PyYs

p
Yo
To obtain the coordinates of P w.r.t. Frame 0, we project P onto the
Xo and yg axes:
P
® po _ P . xolz [(Pxx1 + Pyy1) 'Xo} :
Px Py X1 P-yol |(pxx1 +py¥1) - Yo



Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by 1P = px] . | We can express the location of the point P in terms of its coordinates
g P = pyx1 + PyYs

p
Yo
V1 To obtain the coordinates of P w.r.t. Frame 0, we project P onto the
Xo and yg axes:
P
® po — P - xol_ [(Pxx1 + PyY1) 'xo} B ’px(xl' Xo) + Py()ﬁ + X)
P Py X1 P yvol (s +0yy1) - ¥o|  [Px(aar Yo) + Py (V1 - Vo)



Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by 1P = px] . | We can express the location of the point P in terms of its coordinates
g P = pyx1 + PyYs

p
Yo
V1 To obtain the coordinates of P w.r.t. Frame O, we project P onto the
Xo and yg axes:
P
® po — P - xol_ [(Pxx1 + PyY1) + X | B ’px(xl' Xo) + Py()’1 + X)
Px Py X1 AP yol [(pxx1 +0yY1) Vo | |Px (X1 Vo) + Py (V1 - Vo)

_lxl’xo 3’1’x0'lpx]
X1 Yo Y1 Yol [Py



Coordinate Transformations (rotation only)

Suppose a point P is rigidly attached to coordinate Frame 1, with coordinates given

by P1 = I;x] _ We can express the location of the point P in terms of its coordinates
g P = pyx1 + PyYs

Yo
V1 To obtain the coordinates of P w.r.t. Frame 0, we project P onto the
Xo and yg axes:
P
® o [P x0]_ [(Pxx1 + pyy1) - Xo B [px(xl’ Xo) + 0y (V1 - Xo)]
D Py x1 P TPyl | e +0yv1) - vo| T [px(x1r v0) + 2y (1 - Vo)
_ lxl *Xo Y1 Xo | [px] _ RO pt
X1Yo Y1-Yo|l[Py !
X0

P° =R} P!




The simplest example: rotation about the z axis

As we saw above:
cos@ —sinf O
Rf =|sinfd cosf O

0 0 1

The equation for rotational coordinate transformations
generalizes immediately to the 3D case!

P’ =R) P! =|sing cosd 0O
0 0 1

Py
0

cosf —sinéb 0] [Px]




For now, only consider the rotation, not the translation!

CO Im p OS |t| on Of Rotat I ONS This is an “exploded” view of three coordinate frames

that share the same origin.

Zy

T

V1 R;

X0 21 X2
R

From our previous results, we know: o o
This is the composition law for

po = ROp1 rotation transformations.

) Lo } E——) PozRgR%PZ
Pt = R}P —— R0 ROR

But we also know: P9 = RSP2




A bunch of examples:

A rectangular solid: all angles are multiples of /2.

Xj-Yi YVi*Yi Zj')Vi

xj-xl- yj-xl- Zj'Xi
R} =
xj'Zi yj'Zi Zj'Zl'

Y1 ‘ . R
Z4 Y2
g
Z2
X0 Yo RO

—1 0 0] —10 0]
=10 0 1| R;=|0 0-1

0 1 0. 0 —10 .
= RYR}

—1 0 O0][-10 07 [10 O]
=10 0 1[0 0-1]=[0-10

0 1 0llo-101 loo-1

This agrees with our earlier result!




x]xl yj-xl- Zj'xl’

A bunch of examples: &= vz
Xj'Zi )’j'Zi Zj'Zi
A rectangular solid: all angles are multiples of /2.

In preceding examples, we have computed R}, RY, RY.

V1 29
‘ Can we compute R3* RY = ROR?
Lﬂ (R R = R}

(R2)" R3 = R3

RERS = R}

1 0 O -1 0 0 -1 0
—1 O 0O O0j|=11 0 O
0 -1 0 0 1

Z3 Check this against the figure by directly determining R3... it worlks| -

R§—




Now let’s add translation...



Specifying Pose in the Plane

Suppose we now translate Frame 1 (no new rotatation).

What are the coordinates of P w.r.t. Frame 0?
Since we merely translated P by a fixed

1 vector d, simply add the offset to our
p previous result!
o
X1
*
| P’ =R} P' +d°
d d’ = 4
y
_dJ’_




Homogeneous Transformations

We can simplify the equation for coordinate transformations
by augmenting the vectors and matrices with an extra row:

the previous page

This is just our egn from [PO-‘
L 1]
inwhich0,, =[0 - 0

_Rgpl_l_dow B R(l) d® [Pll
1 1 o, 1|l1

The set of matrices of the form [(f Cll], where R € SO(n) and d € R" is called
n

the Special Euclidean Group of order n, or SE(n).



A bunch of examples:

A rectangular solid: all angles are multiples of /2.

x]xl yj-xl- Zj'xl’
Ri =% "Yi Yji"YVi 7 Vi
Xj'Zi )’j’Zi Zj'Zi

Now let’s look at both the relative
orientation and relative position of frames.

aan



A bunch of examples:

A rectangular solid: all angles are multiples of /2.

-1 0 O

o O
O

OO O Ny o

SOk O

|
Ib—\ = O 3




A bunch of examples:

A rectangular solid: all angles are multiples of /2.




CompOS|t|On Of 'd nsformatlons Now, consider the rotation

and the translation!

V1 T;

X0 A X
Ty

From our previous results, we know: o o
This is the composition law for

po = T0p!? homogeneous transformations.

o :l- ) PO = TPT, P2
Pt =T3P — T = TOT}

But we also know: P9 = TZOP2



—1 0 0 -=5]
. TO — 0 0 1 0
A bunch of examples: '=l0 10 4
A rectangular solid: all angles are multiples of /2. - 0 0 0 1]
-1 O 0 0
2 O -1 o0 10
0 0 0 1
—1 0 0 —=5][—-1 O 0 0
TO — O 0 1 0 0 0O -1 0
2 0O 1 0 4 O -1 0 10
Zy 0 0 O 11L0 0 0 1
1 0 0 -5
_ 0O -1 0 10
O 0 -1 4
0 0 0 1

Check this by directly determining T from the figure... it works!

I



Inverse of a Homogeneous Transformation

What is the relationship between Tji and Tij?

. _ -1 [pT _pTg
In general, T,g = (Tjk) 1and [5 ﬂ — X Rid
n

This is easy to verify:

In><n

R d||R" —-R"d|_|RR" —RR'd+d O] _ 4
On 1 On _ — On 11~ (n+1)x(n+1)

1 0,, 1




Next Lecture: Visual Slam...

...how to use all of these 3D coordinate transformations for the case of
a camera (e.g., mounted on a drone) moving through the world,
capturing data and building a 3D map of its environment.



