Recursive Newton-Euler

Modern version of Rigid body dynamics
Connect links via balance equations
Express as a factor graph

Solve

Closely follows Lynch & Park 2017
Factor graph story with Mandy Xie
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https://www.youtube.com/watch?v=1nNQVsvb8TQ
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https://www.youtube.com/watch?v=1nNQVsvb8TQ

Accelerating a Rigid Body from Rest

* Really just F=ma, but translation and rotation:

fi, = muy -
| Fr = GV
Ty = Lywy -
A=l
V) = { o




Rigid Body in motion

* Adds Coriolis terms, i.e. squared velocity quantities:

- AT
Jb = muy — mw;, U

Ty — Ibd)b — @gIbwb

ady, | =

Wp

"I_A/’b

Fp = Qbe — [‘cl-dvb]T Gy Vi

Wy




Dynamics in another frame
* use Adjoint (capital A):

Ga = [AdTba ] : G [AdTba ] '

-Fa — QaVa — [adva]T QaVa

R

* where [Adr]= | p 5




Newton-Euler Dynamics

* Fix body frame to every link (doesn’t have to be COM)
* Define axis Ajin link frame
* Wrench F;, transmitted through |




Forward pass: twists

* Twist of link i:
V,;, = .AZ@Z -+ [AdTi,i_l]Vi—l
e Take time derivative:

V — .A 9 + [AdT ]Vz 1 T+ [advz]AZH,L
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joint

Wrenches

—Adr,, (Fit1)

;

All twists and accelerations can be computed from

link O to link n: forward pass!
Backward pass: calculate wrenches:
' T T
GiVi — advi(givz') = Ji — AdTi+1,i
Just rigid body dynamics!
RHS: wrench on link i plus reaction wrench

(Fit1)



joint.

Torques RN

—Ad7,,, (Fis1)

y3

e Recall:

QZVZ — adgz(gzvz) — Fz — Ad;+1z (Fz’+1)

(2

1 DOF of 6 DOF wrench F;is delivered by torque:

i = Fi A




Resulting “classical” RNEA:

* |nverse dynamics: given joint accelerations, calculate torques

Forward iterations
1 i—1

Vi

V;

Backward iterations

Fi

T4

Given 0.6,0. for i = 1 to n do

6—[A@-]9¢

ii—1,

i—1 (Vi—l) + AZQZ,
 (Vis1) + ady, (A:)0; + Aib;.

Adr.

7

Adr.

7

For 2 =n to 1 do

Adr, | (Fiz1) + GiVi — ady, (GiV),
FrA;.

10



RR-link manipulator dynamics factor graph

Py ®y Py

Prior Factor:

base pose @ @

Prior Fa('tor T“ Dl ;
, _ i—1 if.
base twist @ @ \ [Adr, ,_ (Bf)]v + A0,
Prior Factor: \ A( celeration Factor:
base twist acceleration = [AdT, ,_, (s, )]V — [(1.(11;.],4""9‘,; + A6,

Pose Factor:

P! =Tii1(0:)P "

v() .
Prior Factor:

tool wrench

Fy

Torque Factor:

Ti = (fi)TAi

Wrench Factor:

T
Fi— Adg, | ..

Fit1 = G Vi — [ady:]TG; V!



RR at rest (no Coriolis)

* Makes it a bit easier to see basic structure

Prior Factor:
Acceleration Factqr:

66, 62)(6)
‘ Vi = [Adr, , ,0)]Vi-1 + A%,
@ @‘ @ Prior Factor:

que Factor: |
Pt =T, 1(0;)P"1

tool wrench

ft ®

Prior Factor:
base twist acceleration

Torque Factor:

Wrench Factor: _
Fi— Adg, o, Fiv1 =GV

Tiv1,:

F=ma



Elimination

* First torques, then wrenches, then twists:

D D\ D\
5 b
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Vl = -Alél ;

Vo = [Adr, | Vi + Asbs ;
Fo = Ad}, \Fi+Go Vs
Fi = AdL (B +G W

PR
7

nn =5 A
e

> = Ja As;
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Back to Mass Matrix

Do symbolic back-substitution:

1 - AdT ]:t + G2 [Ade 1]-/4191 + 92A292 ;

- + Q1A191 >

1V, = A0y
.1 o . .. 2- Ad

2 Vo =[AdT21]V1 + As05

3 (B = AdL, \Fi+ G Vs

4 - = Ad%,l--l-gl 1288

T
5 - — - Al X 1 - — .A'{Adgtlf;ﬂ' ) )
6 - — -TA : 2 (Arirg%/ll + .AflrglAl)Ql + A{Ad%,lngQOQ :
2 3 - — A%',Adgtzft—k

4 ALGo[Adr, JALG, + AT G Asb,

M(q) = A{Q;Al +ATQ1A1 A{Adgz,lgz.«‘lz
V= AlG[Ady,, Ay AL Ga s

14
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O6R-Link Manipulator: Puma560 Robot

Pumab560 abstract factor graph

Twist Factor: ' B
‘z \VL = [Adr, .00V + A'6;
ol Acceleration Factor:

Vi = [Adr, 0]V + [ady,] A, + A'G;

Prior Factor:
base twist

Prior Factor:
base twist acceleration

Vo

Prior Factor:
tool wrench

Torque Factor:

Ti = (.FL )T.Ai

Wrench Factor:

Fi — Ad%:ié-l.‘i({)i%-l)]:i'*‘l - gLVL - [advi]Tg“'vi

(1) https://www.google.com/search?q=puma+560+robot&tbm=isch&source=iu&ictx=1&fir=22n6nwl1bFv52M%253A%252CoM3AtpXYEFgc-M%252C_&usg=Al4_- i
kRK9BkIbTrnSMt_0kgzgamqlSBWfA&sa=X&ved=2ahUKEwias6fegoPgAhUBnaOKHZxdAWUQ9QEwWAXoECAMQBg#imgdii=Qy9JrzD5VrBtyM:&imgrc=LYoeOvPf-aY4IM: Puma560 dyn amics factor 9 raph



Puma 560 Inverse Dynamics Factor Graph

* |Inverse Dynamics:

Input: joint positions, velocities and accelerations;

Output: required joint torques

0.

-forward path

- - - - -

Initialization

92 93 94 9) 96
V1 Vz V3 V4 V5 v6
0, 06 0|6 0,6, 05 || 6 05 || O
\Z V, Vs V., Vs Ve
 (F Fs Fs Fi Fs Fo
(T T2 T3 T4 Ts T6

Red:Initialization

Initialization



Elimination Orders on Inverse Dynamics Factor Graph

0,6,
Vo) 01| (W,
F1
T1

Elimination Ordering:
1. Colamd
2. Metis

0, || 6 05 || 05 0,16, 0 || 6 05 || 6

T2 T3 T4 T5 T6

Simplified Inverse Dynamics Factor Graph

3. Customized: matches Recursive Newton-Euler Algorithm (RNEA)
4. Customized: matching Lynch & Park’s book (Lynch)

Elimination Method

Elimination Order

Average Time(pus)

COLAMD T T5, Td, T3, T1, T2, V0. F1, V1, Fa, Vo, F3, V3, Fa, Va, Fs5, Vs, Fg, Vg, F7 11.0322
METIS T3, T2, T1, Vo, F3, F1, Vo, Fa, V1, 76, T5, T4, F7, Va4, Vs, F5, V5, Fg, Fa, V3 11.7108
CUSTOMIZED (RNEA) | 76, 75, T4, T3, T2, T1, V6, F1, V5, F2, Va, F3, V3, Fa, Vo, F5, V1, Fs. Vo, F7 20.2105
CUSTOMIZED (Lynch) | 71, F1, T2, Fo, 73, F3, T4, Fa, 75, F5, T6, F6. F7. Vo, V1. V2, V3, V4, V5, Vs 26.5747




Puma 560 Forward Dynamics Factor Graph

- Forward Dynamics:

Input: joint positions, velocities and torques;

Output: joint accelerations

P
—Vo Vi
- \Bl@y
& ®
Initialization F1
T1

formalization

Red:Initialization

Blue:Solve for angular
accelerations

solve for
angular
accelerations

Initialization



Elimination Orders on Forward Dynamics Factor Graph

6, (6, CE CE 0, ((0, 0s (05 05 (06
V() 91 vl 92 V2 93 V3 94 V4 95 V5 96 VG
Fi1 Fo F3 F4 Fs Fe Fi
T1 T2 T3 T4 Ts T6
Simplified Forward Dynamics Factor Graph
Elimination Ordering:
1. Colamd
2. Metis
3. Customized: matches Composite-Rigid-Body Algorithm (CRBA)
4. Customized: matches Articulated-Body Algorithm (ABA)
Elimination Method Elimination Order Average Time(pus)
COLAMD F7,as5,a4,73, 71,72, Vo, F1, V1, F2, V2, F3, V3, Fu, V4, F5, F6, V5, Ve, ae 11.6785
METIS a4, F7,as,as, Fs, Ve, Va, Fe, V5,73, T2, T1, Vo, F3, F1, V2, Fa, V1, Fa, V3 13.0836
CUSTOMIZED 1 Fi, Fo, F3, Fa, Fs, Fe, F7,Vo, V1, V2,V3,Va, V5, V6, a1, a2,a3,aa,as, as 34.6130
CUSTOMIZED 2 ai,az,as,aq,as, a¢, Fi,F2, F3, Fa,Fs, Fe,F7, Vo, V1, V2, Vs, V4, Vs, Vs 24.5449




Puma 560 Hybrid Dynamics Factor Graph

- Hybrid Dynamics:
- Input: joint positions, velocities and partial joint accelerations and partial joint

torques;
- Output: the rest of joint accelerations, and joint torques

0, 0 05 0, 05 O
Vo Vi \Z V3 \Z Vs Vs
016, 06, 00 0., |(6, 0s (65 05 (B
Vo Vi Vs Vs Vi Vs Ve
Fi Fy Fs F4 Fs Fe
T1 T2 T3 T4 75 76

Inputs: accelerations for joint 1, 2, 3, and torques for joint 4, 5, 6
Outputs: torques for joint 1, 2, 3 and accelerations for joint 4 ,5, 6.



Elimination Orders on Hybrid Dynamics Factor Graph

Elimination Ordering:
1. Colamd

2. Metis

3. Customized 1

4. Customized 2

T1 T2 T3 T4 T5 T6

Simplified Hybrid Dynamics Factor Graph

Elimination Method

Elimination Order

Average Time(ms)

COLAMD Fr,as5,aq4, T3, 7‘1,7'2,V() F1, V1, fg,VQ,f;,V;,f4,V4 fr,,fb,vr,,vb,a() 0.0116785
METIS a4, Fr,a6,as5, Fs, V(),V4,.7'—(),V5,T3 T2, T1, V() F3, Fi, Vz Fa, Vl Fa, V3 0.0130836
CUSTOMIZED 1 Fi,Fo, Fs, Fa, F5,Fe, F7, Vo, V1, V2,V3,V4, V5, Vs, a1,a2,a3, a4, as, ag 0.0346130
CUSTOMIZED 2 | ai,as2,as,aa,as,ag, Fi,Fo, F3,Fa, Fs,Fe, F7, Vo, V1, Vo, V3, V4, Vs, Ve 0.0245449




Kinodynamics Motion Planning With Factor Graph

- Formulate the kinodynamic motion
planning problem as probabilistic
inference.

- Solve the problem by finding the
maximum a posteriori (MAP)
trajectory given the following
constraints:

1)Dynamics constraints to ensure
dynamically feasible and stable

GP Prior Factor:
fi = exp{LeTQ; e},
e; =u; —x; + P(ti,ti—1)Ti1

Obstacle Factor:
1 —1
fi = exp{ie;zobsei}:

motion;
Task Factor: 2)Obstacle likelihood function to
Dynamics fi=exp{5e/E . e}, ensure collision-free motion;
Factor Graph e; = h(z;) 3) Task-specified cost to satisfy certain
motion requirement;
Prior Fa-ct'?r:T » 4)Prior distribution on the space of
fo =exp{5€e; Kq eo}, trajectories to encourage

€y = Mo — T smoothness in motion.



Kinodynamics Motion Planning for KUKA

Kuka Task-1 Demo




Acrobot




