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1 3D Rigid Transformations
The Lie group SE(3) is a subgroup of the general linear group GL(4) of 4 x 4

invertible matrices of the form
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where R € SO(3) is a rotation matrix and ¢ € R3 is a translation vector.
Its Lie algebra se(3) is the vector space of 4 x 4 twists } parameterized by the
twist coordinates V € R, with the mapping [1]
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where [.]« denotes the skew-symmetric matrix of a 3-vector, i.e., the SO(3) oper-
ator. Note we follow Lynch & Park’s convention and reserve the first three compo-
nents for rotation, and the last three for translation.

2 A Body moving in Space

For a body undergoing a constant twist }V*, all the points p* on that body are moving
according to, in homogeneous coordinates:

v® = Vsp®
hence in non-homogeneous coordinates:
P =Qxp°+v

Which coordinates we use should be obvious from context.

3 The Adjoint Map
Suppose we want to express the twist in the body frame B ? We start from
v* = Vop®

but we know that at any given moment v® = Tlfvb, and p® = Tlfpb. Substituting
in, we have
T = VoTyp’
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or, in other words
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The last form above we call Adjoint Map, with symbol and dropping the in-
dices for now:
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We recognize the last line as the hat of another twist, with Q' = RQ and v/ =
t x RQ+ Rv. Hence, we can express the body twist 1 in terms of the spatial twist
V* by the Adjoint map as follows:
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We call this 6 x 6 matrix the Adjoint map matrix and write
V= [Adgy | v*

and of course vice versa:
V* = [Adrs| V'

Note that there is a subtle but important distinction: Adp operates on 4 x 4 Lie
algebra elements V, and [Adr] multiplies 6 x 1 twist coordinates V.

4 Wrenches

Wrenches F are dual to twists, and so they transform inversely. The dot product of
a twist and a wrench is power, and of course the power has to be the same in both
spatial and body frame. Hence we have
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and if we substitute in V? = |:Adeb:| V?, we obtain

FIV = FT [ Adgy | V*

S

Since this must hold for all possible twists V%, we have

FT = FT | Adqy |
or (transposing everything)
T
Fo= [Adﬁ,} F
Switching the indices yields the other direction:

P = [Adrg]"
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